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MULTIPLICATIVE WEAK CONVERGENCE IN
BANACH f-ALGEBRAS
ZHANGJUN WANG, ZILI CHEN, AND JINXI CHEN
Abstract. A net (xα) in an f -algebra E is called multiplicative
order convergent to x ∈ E if |xα − x|u
o
−→ 0 for all u ∈ E+. A
net (xα) in a Banach f -algebra E is called multiplicative norm
convergent to x ∈ E if |xα−x|u→ 0 for all u ∈ E+. In this paper,
we study this convergence in Banach f -algebra and its dual, A
net (xα) in a Banach f -algebra E is called multiplicative weak
convergent to x ∈ E if |xα − x|u
w
−→ 0 for all u ∈ E+.
1. Introduction
A net (xα) in a Riesz space E is called order convergent to x ∈ E
if |xα − x| ≤ yβ for yβ ↓ 0 ∈ E+. A net (xα) in a Riesz space E is
called unbounded order convergent to x ∈ E if |xα − x| ∧ u
o
−→ 0 for
all u ∈ E+[4,5]. A net (xα) in a Banach lattice E is called unbounded
norm convergent to x ∈ E if |xα − x| ∧ u
‖‖
−→ 0 for all u ∈ E+[6,7].
A net (xα) in a Banach lattice E is called unbounded absolute weak
convergent to x ∈ E if |xα − x| ∧ u
w
−→ 0 for all u ∈ E+[8,9].
In [1],a vector lattice E under an associative multiplication is said
to be a Riesz algebra whenever the multiplication makes E an algebra
(with the usual properties).A Riesz algebra E is called commutative if
xy = yx for all x, y ∈ E. A Riesz algebra E is called f-algebra if E has
additionally property that x∧y = 0 implies (xz)∧y = (zx)∧y = 0 and
xy ∈ E+ for every x, y ∈ E+.A vector lattice E is called Archimedean
whenever 1
n
x ↓ 0 holds in E for each x ∈ E+.Every Archimedean
f -algebra is commutative.In this article, unless otherwise, all vector
lattices are assumed to be real and Archimedean, and so f -algebras
are commutative. An f -algebra E which is at the same time a Banach
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lattice is called a Banach f -algebra whenever ‖xy‖ ≤ ‖x‖|y‖ holds for
all x, y ∈ E.
A net (xα) in an f -algebra E is called multiplicative order convergent
to x ∈ E if |xα − x|u
o
−→ 0 for all u ∈ E+ in[11]. A net (xα) in a
Banach f -algebra E is called multiplicative norm convergent to x ∈ E
if |xα − x|u→ 0 for all u ∈ E+ in[12].
Definition 1.1. A net (xα) in a Banach f -algebra E is called multi-
plicative weak convergent to x ∈ E if |xα − x|u
w
−→ 0 for all u ∈ E+
(xα
mw
−−→ x).
A net (x
′
α) in a Banach f -algebra E
′
is called multiplicative weak star
convergent to x
′
∈ E if |x
′
α − x
′
|u
w∗
−→ 0 for all u
′
∈ E
′
+ (x
′
α
mw∗
−−→ x
′
).
Remark 1.2. For a net (xα) in a Banach f -algebra E,(xα
mw
−−→ x)
implies (xαy
mw
−−→ xy)for all y ∈ E because of |xαy−xy|u = |xα−x||y|u
for all u ∈ E+. The converse holds true in Banach f -algebras with
the multiplication unit. Indeed, assume(xαy
mw
−−→ xy)for each y ∈ E.
Fix u ∈ E+, so, |xα − x|u = |xαe − xe|u
w
−→ 0. Similarily, the mw∗-
convergence has those properties.
Remark 1.3. In Banach f -algebras, the weak convergence does not
implies the mw-convergence, unless it has Schur property. The con-
verse holds true in Banach f -algebras with the multiplication unit.
Assume(xαy
mw
−−→ xy)for each y ∈ E, then |xα − x| = |xα − x|e
w
−→ 0, so
xα
w
−→ x.
Remark 1.4. In order continuous Banach f -algebras, order conver-
gence and mo-convergence imply the mn-convergence.
2. Results
Lemma 2.1. Let (xα)and (yα) be two nets in a Banach f -algebra E.
Then the following holds true:
(1) xα
mw
−−→ x iff xα − x
mw
−−→ 0 iff |xα − x|
mw
−−→ 0;
(2) if xα
mw
−−→ x then yβ
mw
−−→ x for each subnet (yβ) of (xα);
(3) suppose xα
mw
−−→ x and yβ
mw
−−→ y, then axα + byβ
mw
−−→ ax+ by for
any a, b ∈ R;
(4) if xα
mw
−−→ x and xα
mw
−−→ y, then x = y;
(5) if xα
mw
−−→ x then |xα|
mw
−−→ |x|.
The mw∗-convergence also has those properties.
Proof. We only need |x − y| ≤ |x − xα| + |xα − y| and
∣
∣|xα| − |x|
∣
∣ ≤
|xα − x|. 
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Lemma 2.2. For a Banach f -algebra E is order continuous, the mo-
convergence implies mw-convergence.
Proof. According to [12,remark 1.2], we have the conclusion. 
Lemma 2.3. Every disjoint decreasing sequence in a Banach f -algebra
mw-converges to zero.
Proof. Suppose (xn) is a disjoint and decreasing sequence in an Banach
f -algebra E. So, |xn|u is also a disjoint sequence in E for all u ∈ E+
by[2,definition 2.53 and 3,definition 3.1.8].Fix u ∈ E+, by[8.lemma 2],
we have |xn|u
uaw
−−→ 0 in E. So, |xn|u∧w
w
−→ 0 in E for all w ∈ E+. Thus,
in particular for fixed n0, taking w as |xn0|u. Then, for all n ≥ n0, we
get
|xn|u = |xn|u ∧ |xn0|u = |xn|u ∧ w
w
−→ 0
Since |xn|u ≤ |xn0 |u, therefore, xn
mw
−−→ 0 in E. 
Lemma 2.4. Let E be an Banach f -algebra, B be a projection band
of E and PB be the corresponding band projection. Then xα
mw
−−→ x in
E implies PB(xα)
mw
−−→ PB(x) in both E and B.
Proof. The proof is similarly to [11,proposition 2.7]. 
Lemma 2.5. Let (xα) be a net in a Banach f -algebra E with order
continuous norm. Then we have that
(1) 0 ≤ xα
mw
−−→ x implies x ∈ E+;
(2) if (xα) is monotone and xα
mw
−−→ x then xα
w
−→ x.
Proof. (1): Assume (xα) consists of non-zero elements andmw-converges
to x ∈ E. Then, by Lemma 2.1(5), we have xα = x
+
α
mw
−−→ x+ ≥ 0.
Therefore, we have x ∈ E+.
(2): For a fixed α ,we have xβ − xα ∈ E+ for β ≥ α. By (1), we
have xβ − xα
mw
−−→ x− xα ∈ E+, so xα ↑ x, since E is order continuous,
therefore, xα
w
−→ x. 
The lattice operations in Banach lattice f -algebras aremw-continuous
in the following sense.
Proposition 2.6. Let (xα)α∈A and (yβ)β∈B be two nets in a Banach
f -algebra E. If xα
mw
−−→ x and yβ
mw
−−→ y then (xα ∨ yβ)(α,β)∈A×B
mw
−−→
x ∨ y.(∧ and || are similarily)
Proof. Assume xα
mw
−−→ x and yβ
mw
−−→ y. Since we have
|xα ∨ yβ − x ∨ y|u ≤ |xα ∨ yβ − xα ∨ y|u+ |xα ∨ y − x ∨ y|u
≤ |yβ − y|u+ |xα − x|u
w
−→ 0
for every u ∈ E+.That is, (xα ∨ yβ)(α,β)∈A×B
mw
−−→ x ∨ y. 
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The multiplication in f -algebra is mw-continuous in the following
sense.
Proposition 2.7. Let E be a Banach lattice f -algebra, and (xα)α∈A
and (yβ)β∈A be two nets in E. If xα
mw
−−→ x and yβ
mw
−−→ y for some
x, y ∈ E ,(xα) or (yβ) is monotone, then we have xαyβ
mw
−−→ xy.
Proof. Assume xα
mw
−−→ x and yβ
mw
−−→ y, then we have |xα − x|u
w
−→ 0
and |yβ − x|u
w
−→ 0 for every u ∈ E+.Since
|xαyβ − xy|u = |xαyβ − xαy + xαy − xy|u
≤ ||xα − x+ x||yβ − y|u+ |xα − x||y|u
≤ |xα − x||yβ − y|u+ |yβ − y||x|u+ |xα − x||y|u
The second and the third terms are weak converges to zero, we show
first term is weak converges to zero. Assume (xα) is increasing, then
|xα − x| ≤ 2|x| and 2|yβ − y||x|u is weak converges to zero, so we have
the conclusion. 
Theorem 2.8. Let E be a order continuous Banach f -algebra with a
multiplicative unit e and (xn) ↓ be a sequence in E. Then xn
mw
−−→ 0 iff
|xn|(u ∧ n)
w
−→ 0 for all u ∈ E+.
Proof. For the forward implication, assume xn
mw
−−→ 0, then |xn|u
w
−→ 0
for all u ∈ E+. Since |xn|(u∧e) ≤ |xn|u
w
−→ 0,therefore, |xn|(u∧n)
w
−→ 0.
For the reverse implication, by applying [2,theorem 2.57],we have
|xn|u ≤ |xn|(u− u ∧ ne) + |xn|(u ∧ ne) ≤
1
n
u2|xn|+ n|xn|(u ∧ e)
Since (xn) ↓ and E is a order continuous Banach f -algebra, we have
the first term converges weakly to zero, and it is similarily to the proof
of [6,lemma 2.11], the second term weak convergent to zero, so xn
mw
−−→
0. 
It is similarily to [12,proposition 2.4], we have the following result.
Theorem 2.9. Let 0 ≤ (xα)α∈A ↓ be a net in a Banach f -algebra E
with a quasi-interior point e. Then xα
mw
−−→ 0 iff xαe
w
−→ 0.
Corollary 2.10. Let 0 ≤ (xα)α∈A ↓ be a net in an order continuous
Banach f -algebra E with a weak order unit e. Then xα
mw
−−→ 0 iff
xαe
w
−→ 0.
Corollary 2.11. Let 0 ≤ (xα)α∈A ↓ be a net in a separable Banach
f -algebra E. Then xα
mw
−−→ 0 iff xαe
w
−→ 0.
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Corollary 2.12. Let 0 ≤ (xα)α∈A ↓ be a net in a Banach f -algebra E
with a quasi-interior point e. Then xα
mw
−−→ 0 iff xα(e + u)
w
−→ 0 for all
u ∈ E+.
Definition 2.13. A subset A of E is called a f -weak-almost order
bounded if for any ǫ > 0, there is u ∈ E+, f ∈ E
′
+ such that f(|x| −
u|x|) ≤ ǫ.
Next, we have the following work, it is similarily to [10,proposition
2.8].
Theorem 2.14. Let E be a Banach f -algebra. If (xα) is f -weak-almost
order bounded and mw-converges to x, then xα
|σ|(E,E
′
)
−−−−−→ x.
Proof. If (xα) is f -weak-almost order bounded net. Then the net (|xα−
x|) is also. For any ǫ > 0, there exists u > 0, f ∈ E
′
+ such that
f(|xα − x| − u|xα − x|) ≤ ǫ.
Since xα
mw
−−→ x, we have |xα−x|u
w
−→ 0. Therefore, we have xα
|σ|(E,E
′
)
−−−−−→
x. 
Definition 2.15. Let (xα) be a net in a Banach lattice f -algebra E.
Then
(1) (xα) is said to be mw-Cauchy if the net (xα − xα′ )(α,α′ )∈A×A
mw-converges to 0.
(2) E is called (σ)-mw-complete if every mw-Cauchy net(sequence)
in E is mw-convergent.
(3) E is called mw-continuous if xα
o
−→ 0 implies that xα
mw
−−→ 0.
Lemma 2.16. A Banach f -algebra is mw-continuous iff xα ↓ 0 implies
xα
mw
−−→ 0.
Proof. Let (xα)
o
−→ 0, we have there exists yβ ↓ 0 and |xα| ≤ yβ. Since
yβ ↓ 0, so yβ
mw
−−→ 0, we have xα
mw
−−→ 0. 
Theorem 2.17. Let E be an mw-complete Banach f -algebra. Then
the following statements are quivalent:
(1) E is mw-continuous;
(2) if 0 ≤ xα ↑≤ x holds in E then (xα) is an mw-Cauchy net;
(3) xα ↓ 0 implies xα
mw
−−→ 0 in E.
Proof. (1)⇒ (2): By the proof of [2,lemma 1.37], we have (yβ−xα)α,β ↓
0; according to lemma 2.16, we have (yβ − xα)α,β
mw
−−→ 0, so (xα) is an
mw-Cauchy net.
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(2) ⇒ (3): Fix arbitrary α0, we have 0 ≤ (xα0 − xα)(α≥α0) ↑≤ xα0 .
So (xα0 − xα)(α≥α0) is mw-Cauchy net ,so (xα′ − xα)
mw
−−→ 0. Since E
is mw-complete, so xα
mw
−−→ x. Because of lemma 2.5, we have x = 0,
therefore, xα
mw
−−→ 0.
(3)⇒ (1): By lemma 2.16. 
Corollary 2.18. (σ)-mw-complete also has those properties of the last
theorem.
Corollary 2.19. Every mw-continuous and mw-complete Banach f -
algebra is Dedekind complete.
Proof. Suppose E is mw-continuous and mw-complete and 0 ≤ xα ↑≤
y in E. By theorem 2.17, (xα) is mw-Cauchy, so xα
mw
−−→ x and by the
proof of lemma 2.5, we have xα ↑ x, so E is Dedekind complete. 
It was observed in [7,8,10], we now turn our attention to a topology
on Banach f -algebras. The sets of the form
Vu,ǫ,f = {x ∈ E : f(|x|u) < ǫ},
where u ∈ E+, ǫ > 0, f ∈ E
′
+ form a base of zero neighborhoods for a
Hausdorff topology, and the convergence in this topology is exactly the
mw-convergen.
Similarily to [7,8,10], we these conclusions.
Lemma 2.20. Vu,ǫ,f is either contained in [−u, u] or contains a non-
trivial ideal.
Lemma 2.21. If Vu,ǫ,f is contained in [−u, u], then u is a strong unit.
Similarily to [10]
Theorem 2.22. Let E be a Banach lattice.E
′
has a strong order unit
when one of the following conditions is valid:
(1) mw-topology agrees with norm topology.
(2) mw-topology agrees with weak topology.
Problem 2.23. How to describe the compactness of mw-topology.
When the mw-topology is metrizability.
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